Mathematica 11.3 Integration Test Results

Test results for the 50 problems in "Charlwood Problems.m"

Problem 3: Result more than twice size of optimal antiderivative.
J—Ar‘csin[\/? -V1+x ] dx

Optimal (type 3, 69leaves, ? steps):
(\K+3\/1+X ) \/7X+\g\/1+x
- | —+X

( 3
42 8
Result (type 3, 205 leaves):

Ar‘cSin[\/;—\/1+x ]

~xArcsin[v/x -V1+x |- [(1+x) (1+2x-2+x Viex)*

[2\/—x+\/7m (<3-2x42+/x VTox | +33/-2-ax+4/x VTrx Log[2\/-x+x VIex +\/-2-ax+a+x VIrx |
(sﬁ (-Vx e vTex ) (1+x-ﬁx/1+x)2

|/

Problem 5: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Cos [x]?

dx

\/1+Cos[x]2+Cos[x]4

Optimal (type 3, 45leaves, ? steps):

x 1 Cos[x] (1+Cos[x]?) Sin[x]
— + —Ar‘cTan[

3 3

J

1+Cos[x]2\/1+Cos[x]2+Cos[x]4

Result (type 4, 159 leaves):
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2 i Cos[x]? EllipticPi[é + D@, i Ar‘cSinh[ -2 Tan| 3inf3 _ 2iTanpx)? 2iTan(x)®
2 2 —3]'1+\/T 31+\/_ -3 i+ 3 31+\/_

-1 15 + 8 Cos [2 x] + Cos [4 X
-3i+/3 \/ * [ I+ [ ]

Problem 6: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
JTan[x] 1+Tan[x]% dx

Optimal (type 3, 56 leaves, 7 steps):

ArcTanh ﬂmz—]

—lAr‘cSinh[Tan[x]Z] - 2 aTan i lw/1+Tan

2 NEY 2
Result (type 4, 7083 leaves):

1+Tan[x]* -
2
(21+v 1 /o1 ) (—1—21’1)+2m+Tan{ﬂ2)
8 N ((71+2 i)+2m+Tan[ﬂz)
4Cos[x]?||(2+64) - ————-5v-1+1 + (2+41) 2 | EllipticF [ArcSin| |,4-2+2]+
N-1-1 N2

((—4—41’1)—(3—5]‘1)m+(5—31)m+4(—1—j)3/2m)

\/ (240 T8 V101 ) [ ) #2151 +Tan|£]’)

NEven ((—1+21)+2m+Tan{ﬂ )
EllipticPi|

2m(<71+1)+\/ﬁ)
, ArcSin| ],4-2v2 ]+
((-1-i)+m) (211+V-1-]1+V-1+i) V2
((-4_41)-(1-41)m+(4-1)m+2(1 )2V 141 1+1

1- 2j)+2m+Tan[§—]z)
2V 1+1 (Ji+\/—1—1'1) (-1024) 2 V18 +Tan[£]’]

Ar‘c51n ],4—2\5}
(7j+m> (2]'L+\/7171'L +\/71+]1 N2

2 1+m+m)

EllipticPi|
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(2i+V-1-i -V-1+i ) ((1-2d)+2V-1-% -Tan|
\ (72]1“/71711 +\/71+]'l) ((—1+21’1)+2m+Tan

)
)

((—1+211) +2m+1—an[i}z)2

2

2Sec[x] Sin[3 x] 2 Tan[x]

_ (1-1) (<*1+21‘1) +2m) (17 (2+4J’1>Tan[§]2+1—an[§]4)
((‘1+21’1> +2m+Tan[§]2)2

1+ Tan[x]* /

/3 + Cos[4x] \/3 +Cos[4X]

NS ((712+4j) v (7+81) \/717]1) ((2+2]1) - (2-1)V-1+d ) \/3+ Cos [4x]

1-4Tan[%]*+22Tan[%]* - 4Tan[%]®+Tan[2]®
A 2] (2] -4 Tan[ 2] Tan 2]
2 x12\4
(1+Tan[;] )
(2 TE /251 ) ((7172 i>+zm+Tanmz)
8 m((—1+21)+2m+Tan{ﬂz)
-8 [(2+61’1)— —5\/—1+J’1+(2+4J’L)\/7J EllipticF [ArcSin| e |,4-2+/2]+
“1-1 2

((74741)7(375]1)m+(573j)m+4<7171)3/2m)

X
2

\/ (214+vT7 /o1 ) ((7172 j)+2m+Tan[z—]zj

2T+ d ((-1+4) 4311 | arcsin| VEE (122 T a5
, ArcSin
((717]'l>+\/71+]'l><2]'l+\/717]'l +\/71+]'1) N2

((-4-41) S (1-4i)V1-d 4 (4-1)Vo1ed 42 (-1-1)3/2m)

EllipticPi|

|,a-2+2]+
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J (24+V T Vo1 ) ((—1—21)+2m+Tan{ﬂ2)

2V T+ (14911 resin| VT (122 T a5
, ArcSin

(7j+m) (2]'l+\/717]'l +\/71+]'1) N2

EllipticPi|

J,4-277]

, (2i+V-1-d -V-1+i) ((1-2i)+2V-1-% -Tan|
sec[ =] Tan[=
eC[Z] an[2] (7211+\/71711+\/71+i)((71+21)+2m+Tan

1)
1)

((-1+21) +2m+Tan[5]2)

2

J (1-1) ((-1+211) +2M) (1— (2+41) Tan[i}znan[i}“)

/ Ny ((_12+41) v (7+81) m)
((-1+2i) +2\/ﬁ+Tan[§}2)2

. . . X 912 1-4Tan[§}
((2+21)—<2—1>m) (1+Tan[£] ) \I

2+22Tan[§]4—4Tan[§}6+Tan[§}8 ] )

1+ Tan[]?)*

(28T ) [(-1-214) 22 VT <Tan X))
8 NEvy ((71+2 i)+2 mqan[;r)
8 [(2+61’1)— -5x/-1+1+(2+4i)ﬁ] EllipticF[ArcSin| e |,4-2+2]+
V-1-1 2

((—4—4]‘1)—(3—51’1)m+(5—3j)m+4<—1—i)3/2m)

(2 i+m+m) ((7172 j)+2m+Tan[:—]z)
m((-1+2ﬂ)+zmnan[ }2)

2m((-1+i)+m) vcsin| .
((7lfj)+m> (21'1+\/71—J'1 +\/71+]'1>, V2

((-4-41) ~(1-4i)V1od + (4-1)VoTed 42 (-1-j)3/2m)

EllipticPi|

|,a-2+2]+
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J (21+V T8 V251 ) ((—1—21)+2m+Tan{ﬂ2)

21+ (i+V-1-1 ) st VT [(1e24) 2 VT <Tan[ 1)
, ArcSin

(*J'ler) (2]’1+\/717]'1 +\/71+]'L) N2

EllipticPi|

J,4-2v7]

§
3

2

S“{XVqu]J (2i+V-1-d -V-1+i) ((1-2i)+2V-1-1 -Tan|

. . . . . ((—1+21)+2V—1—i +Tmﬁ5]jz
(—211+\/—1—1L +\/—1+1)((—1+21>+2\/—1—1 + Tan )

J (1-1) ((-1+211) +2M) (1— (2+41) Tan[?}znan[f}“)

// J?TTI'“_12+41)+(7+81)Jffff)
((71+2]1) +2\/ﬁ+Tan[§}2)2

(2+24) - (2-4) vT7T) (hm[”ngJ oty renl e ton G renl ) ]

2 (1+7an[]?)*

(24 7T0 /11 ) ((7172 iy+2+/"101 +Tan[ﬂ2)
8 N ((71+21‘L)+2m+Tan{ﬂz)
2 (2+61’1)—\/7—5\/—1+j1+(2+4J’1)\/?] EllipticF [ArcSin| W |,4-2+2]+
“1-1 5

“74741)7(3751)vfifﬁf+(5731)vfiiﬁf+4(7171)”2vfiiﬁw

(28T 1) [(-1-214) 2 VT oTan[2]7)
NEEy ((71+Zj)+2m+Tan{ﬂ2)

2m((-1+j)+m) —
((—1—j)+m> (211+\/—1—Ji +\/—1+:|'1), 2

“-4-41)-(1-41)MTTTI+(4-1)JTTTI+2(-1-1)”ZJTTTI)

EllipticPi]|

|,a-2+2]+
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J (21+V T8 V251 ) ((—1—21)+2m+Tan{ﬂ2)

21+ (i+V-1-1 ) st VT [(1e24) 2 VT <Tan[ 1)
, ArcSin

(*J'ler) (2]’1+\/717]'1 +\/71+]'L) N2

EllipticPi|

J,4-2v7]

| | < 02 (1-1) ((-1+2]1) +2x/-1-]1) (1- (2+4j)Tan[§]2+Tan[§]4)
[(_1+2]1)+2\/—1—Jl +Tan[;] ) J ((_1+2j)+2m+Tan[5}2)2

(2i+V-1-& -v-1+1 | sec[*]*Tan[*] (1-21i)+2V-1-1 Tan[ “1°)
(-28+v/=1-1 V1w ) ((-1+24) +2V-1-1 +Tan[Z]

(2i++/-1-% -V-1+7 ) sec[*]” Tan]

(-2j+\/-1-j +\/_1+]1) (( 1+21)+2m+Tan

[m((12+41)+(7+81‘1)m)((2+21)( i) Vo1 (1+Tan[ ])

(2i+V-1-7 -V-1+i ) ((1-2i) +2V-1-1i -Tan| 1-4Tan[*]*+22Tan[*]* -4 Tan[*]®+ Tan[*]°®
(7211+v717]1+\/71+]1)(( 1+2i)+2v/-1-1 +Tan]| 14 Tan[ﬂz)“
(24ev7TT /11 ) ((7172 j>+2m+TanH2)
8 N (( )+2 mqanmz)
2| |(2+61) - 5x/1+11+(2+4j)\/7] EllipticF[ArcSin] |,4-2+2]+
-1-1 V2

((7474]1)7(3751)m+(573j)m+4( 1- 1)3/2m)
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(2 i+m+m) ((-1-2 ﬁ>+2m+Tan[§]2)
N ((—1+21‘1)+2m+Tan{ﬂ2)

27 T+8 ((-1+d)+1-1

EllipticPi| , Arcsin| |,a-2v2 ]+
((-1-1)+m) (21’1+\/—1—J’1 +\/-1+1) V2
((7474]1) S (1-41) V1o d + (4-i)Vo1ed 2 (-1-4)%2 1+1)
(2 “1+ )( Zx/—Tan[ﬂz)
211 (i+V-1-1) (<12 ZﬁTa"[ )
EllipticPi| , ArcSin| ],4-2+/2]
(-mm) (21’1+\/—1—1’1 +V-1+i) V2

J (28+V-1-% -v-1+i ) ((1-21) +2V-1-1 -Tan|

. - : ) ((*1+2j>+2m+Tan[i
(—21+\/—1—1 +\/—1+1)(( +21)+2m+Tan )

+

{ (1—J'l> (<*1+21'l> +2m) ((*2—4j>5ec[§]2Tan[§] +25ec[ﬂ2Tan[ﬂ3)
((_1+21)+2m+Tan[ﬂ2)2

2-24) [(2024) 231 secl2) Tan[ 1] [ <z+4ﬂ>Tan[:r+Tan[:r‘)J /
(( 1+2i) +2+/-1-1i +Tan[X] )3

[m(<12+41) v (7+81) m) ((2+2i) - (2-14) x/-1+11) (1+Tan[§]2)2

+

) (1-1) ((’1+21)+2m) ( - (2 +41’1)Tan[5}2+Tan[ﬂ4) 174Tan[§}2+22Tan[ﬂ474Tan[ﬂ6+Tan[§}8
(( 1+21) +2v/-1-1 +Tan[%] )2 (1+Tan[§]2)4
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(24eV7TT /11 ) ((7172 i)+2+/"11 +Tanm2)
8 N ((71+2 i)+2 mqanmz)
~5+/-1+i + (2+4i)+/2 | EllipticF[ArcSin| |,4-2v2 ]+
“1-1i NEY

((,4,4j>,(3,5j>m+(5,3j>m+4<,1,j)3/2m)

J (2813 1) [(-1-214) 2 VT oTan[2]7)

2+/-1+1 ((71“'1) +\/ﬁ) VA (12 4) 429710 +Tan [ £]7]

EllipticPi| , ArcSin| |,a-2+2]+
((—1—j)+m> (2i+\/—1—i +\/—1+:|'1> V2
((-4-41)-(1-41)m+(4-j)m+2( i)32 1+1
VT T ) [(-1-2)«2 VT oTan[2]7)
2V-1+1 (i+V-1-1) VI | ZV—Ta“[ )
EllipticPi| , ArcSin| ],a-2v2]

(*J'ler) (2]’1+\/717]'1 +\/71+]L N2

(28+V-1-% -V-1+i ) ((1-2i) +2V-1-1 -Tan|
(-2i+v/=1-% +v/=1vi ) ((-1+23) +2V/-1-1 +Tan

)

2]

(1-1) ((—1+211) +2m) (1— (2+41‘1)Tan[5}2+Tan[ﬂ4)
(( +21)+2m+Tan[ﬂ )2

((—1+21’1) +2m+Tan[§}2J2

[

74Sec[ﬂ2Tan[§] +44Sec[ﬂ2Tan[§]3—lzsec[i]zTan[ﬂs+4Sec[ﬂ2Tan[§]7

(1+Tan[§]2)4

NETEY ((712+4]1) v (7+81) m)

4Sec[§]2Tan[§] (1—4Tan[ﬂ2+22Tan[§]4—4Tan[ﬁ6+Tan[ﬁ8) ] /

(1+Tan[§]2)5
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X X X X
2 2 2 2

((2+2j) - (2-1) m) (1+Tan[5]2

2

2| 1-4Tan| ]2+22Tan[ ]4*4Tan[ ]6+Tan["]8]3/2]

(1+Tan{ﬂ2)4

4

(-2+24) 2973 +Tan[ X))

2

(21+V-1-1 -\/-1+j) ((1-21) +2m-Tan[§}2)
(72]1“/717]1 +v71+j) ((71+2j) +2m”an[§]2)

) (1-1) ((71+2]1) +2m) (17 (2+41‘1)Tan[§}2+Tan[§}4)
((-1+2j)+2\/ﬁ+Tan[§}2)2

8 (Zjl*\/*l*fl +\/*1+i)5ec[5]2Tan[5]
((2+61’1) -5V-1+1 + (2+41) \E] 2 20
V-1-i V1w ((-1+21) #2411 «Tan[%]?]

/

(2]1“/71711 iVo1+d ) Sec[*]*Tan[X] ((7172]1) +2m+Tan[§m
NE T ((71+2]1) +2m+Tan[§}2)2

2T (21'1+\/—1—J'l +\/—1+Ji)((—1—21’1>+2m+Tan[§]2)
m((—lJrZi) +2m+Tan[§]2)

. (2]'1+\/—1—]'L+\/—1+1'L)((—1—Zj>+2m+Tan[§]2)
\ 2m((—1+21)+2m+Tan[ﬂz>

. (28+V-1-1 +/-1+1) (472ﬁ) ((-1-21)+2V-1+1 +Tan[§}2)
\ Zm((—1+21)+2m+Tan[§]2>

((-4-41)-(3-51) V-1-1 +(5-3j)m+4(-1-1)3/2m) (21’1+\/—1—i H/_lﬂi)sec{ﬁ b -
m((—1+21)+2m+Tan[§]2)

(2i+3/-1-% +V-1+% ) sec[*]*Tan[*] [(-1-2i) +2m”a”[§m”/ 2+/2
VLT ((f1e2) e T e Tan 2]
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(21‘1+\/—1—J’1 +\/71+]1) ((7172]1) +zm+Tan[§}2)
N ((-1+21) +2m+Tan[§}2)

((-2+4) «v/=1-5 ) ((-1-24) +2/~T+5 +Tan[*
((-1-1) + VoIoT) [(-1+21) +2V7I-1 +Tan[%]?)

(2]1“/717]1 +\/71+j) ((717211) +zm+Tan[§]2)

1- 2V -1+1 (( +21)+2m+Tan[ } )
. (21'1+\/—1—11 +\/—1+11) (472\F) ((71—21)+2m+Tan[§}2)

Zm(( +21)+2\/ﬁ+Tan{ ])

(2i+V-1-i +V-1+i | sec[*]*Tan[%]

((-4-411)-<1—4j)mw4-j)m+z( 1-1)%2 1+1)

71+11 ( 1+21 +2m+Tan[ ])_
(211+\/—1—Ji +d-1+j)5ec[§}2Tan[§] (( 1-2i)+2+/-1+1 +Tan| 2 /
Vo1ei ((-1e2i)+291-1 +Tan[X]?)?

. (2i+V=1-% +V-1+3 ) ((-1-2i)+2V-1+i +Tan[%]?) . (i+V 21 ) ((-1-2i) +2V-T+1 +Tan[2]?)
V-1l+1 ((—1+21)+2m+Tan[2]) [ (—1+m)((—1+21’1)+2m+Tan[§]2)

L (21'1+\/—1—J'l +\/—1+Ji) ((—1—2i)+2m+Tan[§]2)
\ Zm((—1+21)+2\/ﬁ+Tan[ﬂz)

L (2i+V-1-i +V-1+i ) (4-2V2) ((-1-2i) +2V/-1+1 +Tan[X]?) /
\ Zm((—1+21)+2m+Tan[§]z)

[m ((-12+4i)+ (7+8i) V=1-1 ) ((2+21) - (2-4) V-1+7 | (1+Tan[§]2)2
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1—4Tan[§]2+22Tan[§}4—4Tan[§]6+Tan[§]8

(1+Tan[§]2)4

Problem 7: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
Tan[X] dx
7/ 1+Sec[x]3
Optimal (type 3, 15leaves, 4 steps):

2
- = ArcTanh [~/ 1+ Sec[x]? |
3

Result (type 4, 3292 leaves):

i Cos [X] Sec[i]2 3.3

Bl
—3]'1+\E 3]'1+\E

- | |1 Cos[x]? |EllipticF[i ArcSinh [\/?

] _

i Cos[x] Sec|*]? o
[2] 3i-V3 Sec[5]4\/(4+3Cos[x}+Cos[3x])5ec[x]3

“31++/3 3i+4/3 2

Ellipticpi| > (3+1V3 ), iArcsinh[V/3
6

4 4 3 Cos[x] ¥ Cos [3 Xx] Sec[i] Sin[3—x] 4 ¥ 3 Cos[Xx] n Cos[3x] Sec[i] Sin[s—x]
3 Cos[x]+Cos[3x] 3 Cos[x]+Cos[3x] 3 Cos[x]+Cos[3x] 2 2 3 Cos[x]+Cos[3x] 3 Cos[x]+Cos[3x] 3 Cos[x]+Cos[3x] 2 2
- + +

2 (3-2Cos[x] +Cos[2x]) 2 (3-2Cos[x] +Cos[2x])

4 4 3 Cos[x] . Cos[3x] Tan[i] N 5
3 Cos [x] +Cos [3 x] 3 Cos [x] +Cos [3 X] 3 Cos [x]+Cos [3 X] 2 V3 -3 jTan[i] \/?+3 jTan[ﬂ

3-2Cos[x] +Cos[2x] -3i+4/3 3i+4/3 /
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iCOS[X}SEC[i]Z 3143

~31++/3 3i+4/3

Cos [X] Sec[i]2 X 4
V3 : (1+3Tan[—] ) 21i+/3 Cos[x]? |EllipticF[i ArcSinh[+/3
~3-i4/3 2

i Cos[x] Sec[*]? .
{2] 31 \E} Sec[i]s\/(4+3Cos[x]+Cos[3x1)$ec[x}3

1
EllipticPi[ ~ (3+i+/3 |, i ArcSinh[+/3 ,
6 -31++/3 3i+4/3 2

x;s | Y3 -3iTan[F]" V3 +3iTan[F]7 Cos [x] sec| ] X 142
Tan[g] . . / . [1+3Tan[f}) .
-3i++/3 3i++/3 -3-1+/3

i Cos[x] Sec[*]? -
/3 Cos[x]? [EllipticF i ArcSinh[+/3 [2] B 31 \E} —Ellip‘cicPi[l <3+ Ji\/?),
-3i+4/3 3i++/3 6

iCos[x] Sec[*]? ;o
i ArcSinh[+/3° 5 , 31 \/?] Sec[f]s\/(4+3Cos[x1+Cos[3x])5ec[x]3
73]'1+\/? 3]'1+\E 2
V3 -3iTan[%]? Cos[x}SecLZ /3 +3iTan[%]?
Tan[i] 5 /2(31+\/?) B 5 (1+3Tan[5]4) _
2 “3i+4/3 -3-i+/3 3i+4/3 2

i Cos [x] Sec[f]z 31*\5} ,Ellip‘tiCPi[l

Bl
—3]'1+\E 3]'1+\E 6

\/3 Cos[x]? |EllipticF i Ar‘cSinh[\/?\I 3+jﬁ),

i Cos[x] Sec[*]? -
[2] 31 ﬁ] Sec[i]ﬁ\/(4+3Cos[x}+Cos[3x])Sec[x]3 Tan[i]

-3i+4/3 3i+4/3 2 2

\I\/?+31'1Tan[ﬁ2

iAr‘cSinh[ﬁ\l e /
31+V3
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X4
(14—3Tan[—ﬂ ) + |21 Cos[x] |EllipticF|
2

Cos [X] Sec[i]2 \ﬁ73jTan[§]2
~3-i4/3 ~3i++/3

.

i Cos [X] Sec[f]2 3143

3
“3i++/3 3i++/3

i Cos[x] Sec|[*]? -
]—EllipticPi[l(Bﬂi\/?),JiAr‘cSinh[\/? H },31 ﬁ]
6 -31i++/3 3i++/3

i ArcSinh [\/?\I

Sec[5]4\/ (4+3Cos[x] +Cos[3x]) Sec[x]® Sin[x]
2

\E—SJ‘LTan[ﬂZ \/?+31'1Tan[§}2 /
-3i+4/3 3i++/3

Cos[x] Sec[%]? i Cos[x] Sec|*]? -
\/?J {2] (1+3Tan{§}4] - |21 Cos[x]? EllipticF[iAr‘cSinh[\/?J [2} ] 3i-V3

“3-i+3 2 “3i++/3 3i+4/3

i Cos[x] Sec[*]? .
[2] 3i-V3 ec[i]4J(4+3Cos[x]+Cos[3x})Sec[x}3

S
2
—3:|l+\/? 3]l+\/? 2

Ellipticpi| > EXSRVERP 1ArcSinh[ﬁJ
6

Tan[X]JW”TanW J@man[:f /ﬁJcOsm sec[:]’ |
-3i+v3 3i44/3 3_iv3

1+3Tan{i]4) +

2 2

i Cos [X] Sec[ﬂ2 3i .3

3
—3]'1+\/? 31'1+\/?

i Cos[x]? |EllipticF[i ArcSinh[ﬁJ | - Ellipticpi[ > (3+1V3),
6

sec[*]?sin[x]
2
- +

“3-i+3

i Cos[x] Sec[*]? -
[2] 31 \/?] Sec[i]z‘\/(4+3Cos[x}+Cos[3x])$ec[x]3

i ArcSinh[+/3 s
“31i++/3 3i++/3 2

Cos [X] Sec[ﬂz 32 X4
P ] (1+3Tan[f} ]]

Cosx] Sec[ *]*Tan[ %] | | V3 -3 Tan[%]] @man[;f/ Y6
2V3
-3-14/3 ~3i++/3 3i++/3
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i (3”'1\/?) Cos [X] Sec[ﬂ

.4 V3 -3iTan[*]* | V3 +3iTan[X]?
iCos[x]?Sec|~] \/ (4+3Cos[x] +Cos[3x]) Sec[x]>
2 ~3i+/3 3i++/3
. i Sec{ﬂ2 Sin[x] i Cos [X] Sec{ﬂ2 Tanrﬂ
V3 [_ 31443 33443 jSec[x}ZSin[x] i Cos [x] Sec[i]zTan[ﬂ
_livs |- 2 . 2 2 /
-31 3 -31 3
i Cos[x] Sec[i}2 31 Cos[x] Sec[i}2 31(317\5) Cos[X] Sec[i}2 1+\/— 11+\/—
2 2 1+ 2 1+ 2
“31i44/3 “31i44/3 (,3 ]'l+\/?) (3 mﬁ)

31 (3117\/?) Cos [X] Sec[ﬂ2

2
] 1+

“3i++/3 “3i++/3 2(73]'“%?) (73]“@) (3j+ﬁ)
Cos [x] Sec|* 2 X4 i Cos[x] Sec[é}2 3.3
V3 = (1+3Tan[—}] - |1 Cos[x]? |EllipticF[i ArcSinh[+/3 — 1. ] -
-3-1+/3 2 -3i+4/3 3i+4/3
i Cos[x] Sec|*]? . V3 -3iTan[%]?
EllipticPi[l(3+J’1\/?),J’1Ar'csinh[\/? ! ], 22 \/?} sec[*]* )
6 ~31i++/3 3i+4/3 2 ~3i++/3

\/?+3]‘1Tan[§]2
3i+/3

(Sec[x]? (-3Sin[x] -3Sin[3x]) +3 (4+3Cos[x] +Cos[3x]) Sec[x]>Tan[x]) /
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Cos [x] Sec 2
zﬁ\l B o/ (4+3Cos[x] +Cos[3x]) Sec[x]? (1+3Ta”[i]4)
2

Problem 8: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

J\/2+2Tan[x} +Tan[x]? dx

Optimal (type 3, 137 leaves, 9 steps):
2+/5 - (5+\/?) Tan [Xx]

ArcSinh[1 + Tan]| ArcTan

N\I—\

1+\/?) J2+2Tan[x] + Tan[x]?

(71+\E) ArcTanh | 215 + (5_\/?) rant)

N |

|10 (71+ﬁ) \J2+2Tan[x] + Tan([x]?

Result (type 4, 7376 leaves):

1
- 4 Cos [X]

(1+Cos[x]) \/ 3+Cos[2x] +2 5in[2 ]

(1+Cos[x])?

([[EllipticF[Ar‘cSin[\/ [((Root[1+2m1—2ttl3+1¢14 &, 2] -Root[1+2n1-2n1%+n1* &, 4]) (7Root[1+2111721113+t114 &, 1] +Tan[5}))/
2

((Root[l+2ﬁ172tt13+tt14&, 1] -Root [1+211-2#1% +=1% &, 4]) (—Root[l+2ﬁ1—2t&13+tt14&, 2] +Tan[i})J)],
2

- (((Root[1+2#1-2n1%+n1* &, 2| ~Root [1+211-211%+11* &, 3]) (Root[1+2m1-211%+n1* &, 1] -
Root[1+2#1-211%+n1% &, 4])) / ((-Root[1+2n1-241%+11* &, 1] +Root [1+2 11 - 2113 + 11* &, 3])
(Root [1+2n1-211%+11* &, 2] ~Root[1+2n1-211%+u1* &, 4])))] (1-Root[1+2nu1-2n1%+n1*&, 1]) -
EllipticPi[ ((-1+Root[1+2u11-2n1%+11%8&, 2]) (-Root|[1+211-211%+u1*&, 1] +Root [1+211-2411% +11% &, 4])) /
((-1+Root[1+2n11-211%+n1%&, 1]) (-Root[1+211-211%+n1*&, 2| +Root[1+211-211° +11* &, 4])),

Ar‘cSin[\/ [((Root[1+2n1-2n13+n14 &, 2] -Root[1+2u1-2n1%+ul* &, 4]) (-Root[1+2n1-2n13+n14&, 1] +Tan[5}))/
2
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((Root[1+2111—2t113+1114 &, 1] -Root[1+251-241%+11% &, 4]) (—Root[l+2ﬁ1—2tt13+tt14&, 2] +Tan[5})J]],
2

- (((Root[1+2u1-211%+n1* &, 2] ~Root [1+211-201°+11*&, 3]) (Root[1+211-201%+u1*&, 1] -
Root[1+2w1-211%+n1% &, 4])) / ((-Root[1+2n1-2#13+11*&, 1] +Root [1+2n1 - 2113 + 111* &, 3])
(Root [1+211 - 2113+ 111* &, 2] -Root[1+211-211%+11% &, 4])))] (-Root[1+2n11-211%+n1% &, 1] +

Root [1+211-211%+11* &, 2})] (-Root[1+2u1-211%+n11* &, 1] +Root [1+211-2n11° +11* &, 4])
\/[((Root[l+2ﬂ121¢13+ttl4 &, 2] -Root[1+251-241%+11% &, 4]) (—Root[1+2111—21113+t114&, 1] +Tan[5}))/
2
[(Root[1+2t11721113+1114 &, 1] -Root[1+2u1-2n1%+n1% &, 4])

[—Root[l+21¢1—2n13+nl4 &, 2| +Tan[5

2])]) (_ROOt[1+2H1—2H13+1¢14&, 2] +Tan[§]]2

\/[ ~Root [1+211-2#11° + 51 &, 1] + Root [1+211 - 2113 + 11* &, 2]) [—Root[l+21¢1—21¢13+ul4&, 3] + Tan]

-Root [1+211-211% +11* &, 1] +Root [1+211-2411° + 11* &, 3]) (-Root[1+2n1-2n13+n14&, 2] +Tan[*})
2

~Root[1+2n1-2n1%+11% &, 4] + Tan|

\/[( ~Root [1+211-2#11° + 51 &, 1] + Root [1+211 - 2113 + 11* &, 2])

-Root [1+211-211% +11* &, 1] + Root [1+211 - 2113 + 1% &, 4] ) (-Root[1+2m1-2u13+u1“&, 2] +Tan|

(-1+Root[1+2n1-2u1%+11%8&, 1]) (1-Root[1+2nul-211%+nul*g, 2])

(-Root[1+2u1-2n1%+n11* &, 1] +Root [1+211-2n11° +11* &, 2])
(Root [1+2m1 - 2113 +111* &, 2] - Root [1+2 11 - 2113+ n1* &, 4])

\/1+2Tan[i] —2Tan[i}3+Tan{£}4

2 2 2

((2-1) [EllipticF[ArcSin[J(((Root[1+2n1-2n13+n14 &, 2] -Root[1+2u1-2n1%+n1* &, 4]) [—Root[1+21:tl—21113+1114 &, 1] +

Tan[i}])/ ((Root[1+2n1—2n13+n14&, 1] -Root[1+2n1-2na1%+n1* &, 4]) [—Root[1+21:tl—2ttl3+ttl4&, 2] +
2

Tan[f}])]], - (((Root[1+2m1-2n1%+n1* &, 2| ~Root [1+211-211°+11* &, 3]) (Root[1+2m1-2n1%+u1* &, 1] -
2

Root[1+2#1-211%+n1% &, 4])) / ((-Root[1+201-2413+11* &, 1] + Root [1+251 - 2113 + 1% &, 3])
(Root [1+211-211%+n1* &, 2] ~Root[1+2n1-2u1%+n1% &, 4])))] (i-Root[1+2n1-2u1%+11%8, 1]) -
EllipticPi[ ((-i+Root[1+2n1-2u1%+11* &, 2]) (-Root[1+211-211%+n1% &, 1] +Root[1+2m1-2n11%+11*&, 4])) /
((-i+Root[1+2n1-2413+11*&, 1]) (-Root[1+281-211%+11* &, 2| +Root[1+2n1-211%+n1* &, 4])),
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X
Ar‘cSin[\/ (((Root[l+2m1—2ml3+ﬁ14 &, 2] -Root[1+2u1-2n1%+u1* &, 4]) (-Root[1+2n1-2n13 +11% &, 1] +Tan[—}))/
2

(Root [1+2#1-211%+11% &, 1] -Root[1+2n1-2n1%+11* &, 4])

~Root[1+2n1-2a1%+11* &, 2] +Tan[5})J]],
2
- (((Root[1+2m1-211%+n1* &, 2| ~Root [1+211-211°+11*&, 3]) (Root[1+2m1-201%+nu1*&, 1] -

Root[1+2#11-211%+n1% &, 4])) / ((-Root[1+2n1-241%+11*&, 1] +Root [1+211 - 2113 + 111* &, 3])
(Root [1+211 - 2113+ 111* &, 2| ~Root[1+211-211%+11% &, 4]))) ] (-Root[1+2n1-211%+n1%&, 1] +

Root[1+2u1 -211%+n1* &, 2})] (-Root[1+2#1-2#11%+11% &, 1] + Root [1+211 - 2113+ 11* &, 4])

(Root[1+2m1-2n1% +111% &, 2] - Root [1+2 11 - 2113 + n1* &, 4])

JI

~Root[1+2n1-2a1%+11% &, 1] +Tan[5}))/
2
[(Root[1+2u1-2n13+m14 &, 1] -Root[1+2n1-2n1%+n1* &, 4])

[—Root[l+21¢1—2n13+nl4 &, 2| +Tan[5])]) (-Root[1+2n1-2n13+n14 &, 2| +Tan[5]]2
2 2

-Root[1+2n1-2n1%+11* &, 3| + Tan|

\/[ ~Root [1+211 217 +11* &, 1] + Root [1+2n1 - 2113 + 11* &, 2])

X
~Root [1+2#1-211%+11% &, 1] + Root [1+ 211 -211% +11* &, 3]) [-Root[1+2u1-2n11%+ 11t &, 2]+Tan[f})
2

\/(( ~Root [1+211-2#1° +51* &, 1] + Root [1+211 - 2113 + 11* &, 2]) [Rootl +281-2481° + 51% &, 4] + Tan|

-Root [1+211-2411° +11* &, 1] +Root [1+211 - 211% + 11* &, 4] ) |-Root[1+211 - 2113+ 1% &, 2] + Tan|

[(—Ji+Root[1+2ttl—2ttl3+tt14&, 1]) (i-Root[1+2n1-2u13+n1* &, 2])

(-Root[1+2u1-2n1%+n1* &, 1] +Root [1+211-2n11° +11* &, 2])
(Root [1+2m1-211% +111* &, 2] - Root [1+2 11 - 2113+ n1* &, 4])

X X3 X4
1+2Tan|—| -2Tan|— Tan| —
Jrezrenl 2] -2ten X T

((2“1) [EllipticF[Ar‘cSin[J(((Root[l+2n1-2n13+nl4 &, 2] -Root[1+2u1-2n1%+u1*&, 4]) [—Root[1+2ttl—2ttl3+ttl4 &, 1] +

Tan[i}])/ ((Root[1+2n1-2n13+n14&, 1] -Root[1+2n1-2n1%+n1* &, 4]) [—Root[1+2111—2n13+1114&, 2] +
2

Tan[i}])]], - (((Root[1+2#1-2n1%+n1* &, 2| ~Root [1+211-211°+11* &, 3]) (Root[1+2m1-2n1%+n1* &, 1] -
2

Root[1+2#1-211%+n1% &, 4])) / ((-Root[1+2n1-2413+11* &, 1] + Root [1+2n1 - 2113 + 11* &, 3])
(Root [1+2u1-2u1%+11* &, 2] -Root[1+2u1-2u1%+u1%&, 4])))] (-i-Root[1+2u1-2n1%+u1*&, 1]) -
EllipticPi| ((i +Root[1+2#1 -2113 + 11 &, 2]) (-Root[1+211-2113+11*&, 1] +Root[1+211-211%+11% &, 4])) /
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(-(1'1+Root[1+2tr,1—2ttl3+1:tl4&, 1)) (-Root[1+2n1-2u1%+ 11" g, 2}+Root[ c2m1- 2813 s u1t g, 4l)),

Ar‘cSin[\/ (((Root[1+2m1—2m13+ul4 &, 2] -Root[1+2n1-2n1%+n1* &, 4]) (—Root[1+2n1-2m13+m14&, 1] +Tan[5}))/
2

((Root[l+2ﬁ172ttl3+n14 &, 1] -Root[1+2u1-2n1%+nu1%8&, 4]) (—Root[1+2n1—2tt13+tt14&, 2] +Tan[5})J]],
2

- (((Root[1+2#1-211%+n11* &, 2| ~Root [1+211-211° +11*&, 3]) (Root[1+2m1-201%+u1*&, 1] -
Root[1+2#1-211%+n1% &, 4])) / ((-Root[1+2n1-2413+11* &, 1] + Root [1+2n1 - 2113 + 111* &, 3])
(Root [1+211 - 2113+ 111* &, 2] ~Root[1+211-211%+11% &, 4])))] (-Root[1+2n1-211%+n1% &, 1] +

Root [1+211-211%+11* &, 2})] (-Root[1+2m1-2n1%+n1* &, 1] +Root [1+211-2n11° +11* &, 4])

\/[((Root[l+2t&12n13+n14 &, 2] -Root[1+2u1-2n1%+nu1* &, 4]) (—Root[l+2ﬁ1—2t&13+ul4&, 1] +Tan[5}))/
2

(Root [1+2n1-211%+111* &, 1] -Root[1+2n11-211%+n1* &, 4])

[—Root[l+21¢1—21¢13+1114 &, 2| +Tan[i

2])]) (_ROOt[1+2H1—2H13+m14&, 2] +Tan[§]]2

~Root[1+2n1-2n1%+11% &, 3] + Tan|

[—

J[ ~Root [1+211-2#1% + 51 &, 1] + Root [1+211 - 2113 + 11* &, 2])

™~

~Root[1+211-211%+11%&, 1] +Root [1+211-211% +11* &, 3]) [-Root[1+2n1-211%+11% &, 2] + Tan|

[

_
_

\;/

[—

-Root [1+211-2n11° +11* &, 1] +Root [1+211 -211% + 1% &, 4] ) |-Root[1+2n1-211%+n1" &, 2] + Tan|

NX N[X N |X N [X

J[( ~Root [1+211 2411 +51* &, 1] + Root [1+271 - 2113 + 11* &, 2]) [Rootl +281-2481° + 51% &, 4] + Tan|

[
—
~
~—

_

[(i+Root[1+2u1-2n13+n14&, 1]) (-i-Root[1+2n1-2u1%+11% 8, 2])

3 4 3 4
- - 3 - 2
( Root[1+2tt1 211° + 717 & 1]+R00t[1+2111 2171° + #1% & 2])
(Root[1+2n1—21113+1114&, 2]7R00t[1+211172tt13+tt14&, 4”

\/1+2Tan[£] —2Tan[£}3+Tan[§}4

2 2 2

([EllipticF[ArcSin[J([(Root[1+2m-2n13+nl4 &, 2] -Root[1+2u1-2n1%+n1* &, 4]) (—Root[1+2111—21113+1114 &, 1] +Tan[5]J)/
2

(Root [1+2#1-211%+n1* &, 1] -Root[1+2n1-2n1%+n1* &, 4])

~Root[1+2n1-2a1%+11* &, 2] +Tan[5})J]],
2
- (((Root[1+2m1-211%+n1* &, 2| ~Root [1+211-211° +11* &, 3]) (Root[1+2m1-201%+n1* &, 1] -

Root[1+2#1-211%+n1* &, 4])) / ((-Root[1+2n1-241%+11*&, 1] +Root [1+2n1 - 2113 + 111* &, 3])
(Root[1+211-211%+ 1% &, 2] ~Root[1+211-2113+11% &, 4])))| (-1-Root|1+211-211%+1m1%&, 1]) -
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Ellipticl\ai[((1+Root[1+2n1-2n13+§:14 &, 2L]) (—Root[1+21:t1—2111;;;111:‘ & 1] +Roo{[1+2n1-2n13+n14 &, Z]))/
((1+Root[1+2m1-2n1%+11%8&, 1]) (-Root[1+2n1-211%+n1% &, 2] +Root [1+2u1-211%+n1* &, 4])),

ArcSin [\/ [

((Root{1+2n1-2n13+n14 &, 1] -Root[1+2u1-2n1%+nu1*&, 4])

(Root [1+2#1 - 2113+ 11* &, 2] -Root[1+2n11-2n1%+11* &, 4])

~Root[1+281-2a1%+11% &, 1] +Tan[i}))/
2

~Root[1+211-211%+ 11* &, 2] +Tan[5}JJ]],
2

- (((Root[1+2m1-2n1%+n1* &, 2| ~Root [1+211-211° +n1*&, 3]) (Root[1+2m1-211%+n1* &, 1] -
Root[1+2#1-211%+11% &, 4])) / ((-Root[1+211-241%+11* &, 1] +Root [1+2n1 - 2113 + 111* &, 3])
(Root [1+211-211%+11* &, 2] ~Root[1+2u1-2u1%+11* &, 4])))] (-Root[1+2u1-2u1%+n1* &, 1] +

Root [1+251-211% + 11* &, 2})] (-Root[1+2u1-2n1%+n11* &, 1] +Root [1+211-2411° +11* &, 4])
\/[((Root[l+2n1—2nl3+nl4 &, 2] -Root[1+2u1-2n1%+nu1* &, 4]) (-Root[1+2n1-2n13+n14&, 1] +Tan[5}))/
2

[(Root[1+2n1721113+1114 &, 1] -Root[1+2n1-2n1%+n1% &, 4])

[—Root[1+2tt1—21113+1114 &, 2] +Tan[5])]) (—Root[1+2111—21113+1114 &, 2] +Tan[5]]2
2 2

X
J[ ~Root[1+2n1-2n1%+n1% &, 1| +Root[1+2n1-2n1%+n1* &, 2]) [-Root[1+2n1-2n1%+n1* &, 3}+Tan[f])]/

~Root [1+211-2#1° +11* &, 1] +Root [1+211 - 2113 + 1% &, 3]) |-Root[1+2n1-211%+n1* &, 2] + Tan|

A
[ 2
[
[

J[( ~Root[1+2n1-2n1%+n1% &, 1| +Root[1+2n1-211%+n1* &, 2]) [-Root[1+2n1-2n1%+11* &, 4}+Tan{*]J
2

~Root [1+211-2#1° +11* &, 1] +Root [1+211 - 2113 +111* &, 4] ) |-Root[1+211-211%+n1* &, 2] + Tan|

[(1+Root[1+2u12n13+m14&, 1)) (-1-Root[1+2u1-2n1%+n1*8&, 2])

(-Root[1+2m1-2n1%+11* &, 1] +Root [1+211-2411° + =1* &, 2])
(Root [1+2m1-2u1% +11* &, 2] ~Root[1+2n1-211%+nl* &, 4])

\/1+2Tan[i] —2Tan[£}3+Tan[i}4

2 2 2

- (2 EllipticF|

ArcSin[\/([(Root[uzm2m13+u14 &, 2] +Root[1+2u1-2n1%+n11* &, 4]) (7Root[1+211172tt13+tt14&, 1] +Tan[5}))/
2

{(—Root[l+21¢1—21¢13+n14 &, 1] +Root[1+2n1-2n1%+n01% &, 4]) (-Root[1+2n1-2u13+u1“&, 2] +Tan[5})J]],
2

((Root[1+2m1-211%+n1* &, 2] -Root[1+2n11-211%+n1% &, 3]) (Root[1+2n1-211%+n1*&, 1] -
Root[1+2m1-2113+11% &, 4])) / ((Root[1+211-211%+ 1% &, 1] ~Root[1+2 11 - 2113 + 1% &, 3])
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(Root[i+2n1_2n13+n14 &, 2| J_Ilic;ot\[\1+2£1_2n13+n14 & 4]))] J
(Root [1+2m1-211%+11* &, 1] -Root[1+2 11 -211%+n1* &, 4])

\/[((Root[l+21¢12u13+ml4 &, 2] +Root[1+2n1-2n1%+11% &, 4]) [-Root[1+211-211° +11* &, 1] +Tan[5]J)/

X

2
[(-Root[1+2m1-2u13+u1“&, 1] +Root [1+211-241% + 1% &, 4])
3 4 X 3 4 X 2
[—Root[1+21:t1—2ttl +111% &, 2| +Tan[—])]) (—Root[l+2m1—21¢1 +111% &, 2| +Tan[—]]
2 2
X
\/(( ~Root [1+211-2#17 +11* &, 1] + Root [1+211 - 2113 + 11* &, 2]) [7Root[1+21¢1721113+1114&,3 | + Tan] )/
2
X
[ ~Root [1+211-211% +11* &, 1] + Root [1+211-2n11° + 11* &, 3]) (-Root[1+2n1-2n13+n14&,2 | +Tan| ))]
2
X
\/[( ~Root [1+211-2#1%+ 1% &, 1] + Root [1+211 - 2113 +111* &, 2]) |-Root[1+2n1-2n1%+n1* &, 4] + Tan| )/
2

~Root [1+211-211% +11* &, 1] + Root [1+211 - 2113 + =1* &, 4] ) (—Root[l+2ﬁ1—2t&13+tt14&, 2] +Tan|

)/

[(-Root[1+2n1-2n13+n14&, 1] +Root[1+2n1-2u1% +11* &, 2]) (-Root[1+2u1-2u1%+n1% &, 2] +Root [1+2u1-201%+nl1* &, 4])

\/2+2Tan[x} +Tan[x]?
2

\/1+2Tan[5] 2Tan[§}3+Ta”[§]4J

Problem 9: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

JAr‘cTan[\/—1+Sec[x} ] Sin[x] dx

Optimal (type 3, 41 leaves, 7 steps):
1Ar*cTan[\/flJrSec[x] | -ArcTan[+/-1+Sec[x] | Cos[x] + ECos[x] A/ -1+Sec[x]
2

2

Result (type 4, 285 leaves):
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~ArcTan[v/-1+5ec(x] | Cos[x]+%Cos[x}m7§(7372\E) cos[*]* (12 + [-244/7 | cos[ 7]
X Tan|*] Tan[*]
Cot| =] |EllipticF[ArcSin| A—1],17-12V2 ] +2EllipticPi[-3+2+2, -ArcSin| ——*—], 17 -12+/2 |
4 3-2+/2 3-2v2
\/(7—5\/7+ (10—7\/7) COS[E]) Sec[i]2 \/(—1—\/7+ (2+\/7> Cos[g]) Sec[z]2

v/ -1+Sec[x] Sec[x]\/B—Zx/?—Tan[X]2 \/1+(—3+2\/7)Tan{x}2

4 4

Problem 12: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JAr‘cTan [x+4/1-x% | dx
Optimal (type 3, 141 leaves, ? steps):

—1+\/?X

V1 - x2

| +xArcTan|[x ++/1-x? | —lAr‘cTanh[xwl—x2 ] —lLog[l—x2+x4]
4 8

1+\/?X

V1 - x2

ArcSin[x 1
—7[]+ ~/3 ArcTan|
2 4

} + 1\/?Ar‘cTan[
4

] _

~1+2x?

V3
Result (type 3, 1822 leaves):

1
=/3 ArcTan|
4

X ArcTan|x ++/1-x* | +

~8ArcSin[x] +2+/2+21i 3 Ar‘cTan[((1+i\/_—2x2) (-1+x2))/[-3i-ﬁ+2\/?x4+x3 (—G—Zi\/_—Z\/Z—Zi\/?x/l—xz

16

+

353 +24/6-61v3 1% ||]-
3-iv3 en/2-2i3 J1-%2
353 +24/6-61v3 1% ||] -
6-2iV3 2+/2:2iV3 J1-

—311—\/?+2\/6+6]’1\/? \/1—x2 ]+
3-i4/3 +/2+21i/3 J1-x?

x(6+21’1\/?—2x/2—211\/? \/1—x2)+x2

+

2324213 ArcTan[((1+iV3 -2%?) (-1+x2))/(-3j-ﬁ+2ﬁx4+2x

2 x3 + %2

303 +\J2-2iv3 J1-x2

+

2+/2-21 3 ArcTan[((-1+x?) (-1+i\/?+2x2))/[3j-ﬁ+2ﬁx4+x

| 6:2iv3 —2/2+2i3 NERRCR

+

2+/2-21 3 ArcTan[((-1+x?) (-1+i\/?+2x2))/[3j-ﬁ+2ﬁx4+2x3




22 | Mathematica 11.3 Integration Test Results for Charlwood Problems.nb

+ x? (—3]’1—\/?+2\/6+61’1\E \J1-x2

—3+1'1\E+\/2+21'1\/? \/1—X2

I

2Log| = - \/? x2] +2i/3 Log[- > - jﬁuz}-uog[lj(j+\/?)+x2]-2j\/?Log[lj(]1+\/?)+x2]-
2 2 2 2 2
2-24/3 Log[16 (1+V3 x+x®) ] +i2+2i V3 Log[16 (1+V/3 x+x?)7] +

2-2i+/3 Log| (4—4\/?x+4x2)2}—i\/2+211\/? Log[(4—4\/?x+4x2)2]—
iV2+213 Log[3i+V3 - (-i+V/3) x*:2i2-2iV3 AJ1-x +5ix [2:4/2-2iv3 J1-%

x[3:+5iV3 +3i6-6i3 Ji-x2 | i (311+3\/?+\/6—6]1\/? J1-x2
ng 3i+4/3 - (Jl+\/?)x4+211\/2—211\/? J1-x2 +5ix2
3(3.3iv3 ~i6-6i3 J1-x2 3i+5v3 436603 J1-x2
\/TLog 31’1+\/?—(11+\/?)x4—211\/2+211\/? J1-x2 —5ix?
x[3-5iv3 364613 Ji-x2 | -ixd (—3]’1+3\E+\/6+61’L\E J1-x2
\/TLog 3j+\/?-(j+\/?)x4-2jJ2+21\/? J1-x2 —5ix?
33,353 +i 64613 J1-x

+

] +

2:/2-2i3 Ji-x

+

-1Xx ]+

+

2024203 J1-x2

2024203 J1-x2

+

+1X

3553 +34/6+6i3 J1-x2

Problem 13: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JxAr‘cTan{x+W] ix
Optimal (type 3, 152leaves, ? steps):
w+f\/7ArcTan[ 1+\Ex} +f\ﬁAr‘cTan[ +\ﬁx] -
2 1-x? 1-x?
i\/?Ar‘cTan[_l\;sz] ~+/1-x% ArcTan|x++/1-x2 | + iAr‘cTanh[x 1-x2 | +§Log[1—x2+x4}
3

Result (type 3, 2408 leaves):
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—m—xll—xz ArcTan|[x++/1-x2 | + =
2
4 6(1—11\/?)

(-31++/3) ArcTan[[3jﬁlzjxwﬁxuj\/?xz12]1x34ﬁx33x4

iV3 x4-21 /2(17]1\/?) xA/1-x2 -21 6(1—1’1\5) x2/1-x% 21 ( ﬂxf) X34/ 1

1

4 6(1—]’1\/?)

|/

(jl_\/?-6x+61'1\/?x+3ej1x2-2\/?x2+6x3+18]1\/?x3+1111x4+3\/?x4)]-

(-31+/3) ArcTan[[3-1ﬁ+121x-4ﬁx-121\/?x2+121x3+4\/?x3-3x4-j\/?x4+

2i [2(1-iV3 ) xy[1-% 21 [6(1-iV3 ) 1 w20 [2(1-043) ¥f1-%

1

/

[i-V3 +6x-6iV3 x+30ix2-23 x2-6x*-181 V3 X +11ix*+3/3 x*|] -

4. |6(1+iv3)
(31++3) ArcTan[[-3-]1ﬁ-lzix-4ﬁx-12iﬁxz-121x3+4ﬁx3+3x4-jﬁx4-

2 /2(1+1ﬁ) xA/1-x2 21 6(1+jﬁ) x2A1-x% -2 (1+1v—) x3A/1

1

|/

(-i-V3 -6x-61V3 x-30ix2-2V3 x®+6x-18iV/3 X -11ix*+3V3 x*| ]+
4 |6(1+iV3)

(31++3) ArcTan[{3j\/?+1zjx+4ﬁx12]1\/?x2+12]1x34ﬁx3+3x4jﬁx‘u

2 /2(1“1\/?) x/1-x% -21 6(1“1\/?) x2A1-x2 +21 (1+1W) %3/ 1

(-i-\/?+6x+6jlﬁx-391x2-2v?x2-6x3+181\/?x3-111x4+3v?x4)}_

|/
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i (-31 33 ) Log (-i+V3 -2x]" (1+v3 -2x)"] i (3143 ) Log[(-i+V3 -2x]" (i 43 -2x)]

+ +

8 6(1—]’1\/?) 8 6(1“1\/?)

i (-31+73 ) Log[(-1+V3 +2x)" (13 +2x)]

8 6(1—]’1\/?)

i (3143 | Log[ (-i+v3 +2x)° (1+V3 +2x)]

8 6(1+iﬁ)
(31’1+\/?) Log[—%—]ﬁ?+x2}
83
(—3i+\/?> Log{—%+32£+x2]
83

+

+

1

8 6(1—]‘1\/?)

i(-3i+V3 ) Log[3i+V3 -3x-5iV3 x+10ix*+3x-31V3 X+ ixt -3 x 20 [2(1-5V3 ) (1o -

31 /6(1—]‘1\/?) x/1-x% +51 /2(17]1\/?) x2~/1-x% -1 6(1—]’1\/?) x31-x% ] - !

8 6(1—1’1\/?)

i (-3i+\/?) Log[3i++/3 +3x+5i/3 x+10ix2-3x3+3i/3 C+ix*-V/3 x*+21i 2(1-1ﬁ) J1-x2 +

31 [6(1-3V3) x/1-x 45i [2(1-8V3 ] 1% +i [6(1-iV3] Ky1-x ]+ !

8 6(1+1ﬁ)

$(3i4V/3 ) Log[-31+V/3 +3x-5iV3 x-10ix*-3x-3iV3 - ix* -3 x*-2i [2(1+iV3 ) (15 -
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3i /6(1+jﬁ) x+/1-x% =51 2(1+1ﬁ) X2A1-x% -1 (1+1V—) X3/ 1

8 (1+11\/?)
i(3i++/3)Log[-31++/3 -3x+51/3 x-10ix2+3x3+31+/3 x®>-ix*-V/3 x*-21 [2(1+1/3 1-x% +
[-

3i /6(1+J’1\/?) x+/1-x% -51 2(1+Jw?) X2A1-x% +1 (1+1V—) x31/1

Problem 17: Result more than twice size of optimal antiderivative.
JLog[x+\/—1+X2 }
(

1+X2)3/2

dx

Optimal (type 3, 32leaves, 3 steps):
x Log[x ++-1+x? |

2

1 ArcCosh [x?] +
2

1+Xx

Result (type 3, 89leaves):

m (1+x2) Log[l- L }—Log[h 2 ]
axlogx++V-1+x2 |+ 1o o
| | e
4/1+x%

Problem 21: Result more than twice size of optimal antiderivative.

dx

JXB ArcSin[x]

1-x4

Optimal (type 3, 38 leaves, 5 steps):

1 1 ArcSinh[x
“xa/1+x® - =~/1-x* ArcSin[x] +7H
4 2

4

Result (type 3, 85leaves):

/ 4
XV1ox 2+/1-x* ArcSin[x] +Log[1-x?] - Log[-x+x*+/1-x* 4/1-x* |

1
4 V1——
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Problem 37: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Sin[x] dx
1+Sin[x]?
Optimal (type 3, 16leaves, 2 steps):
Ar‘cTanh[cizm-}

V2
Result (type 3, 46 leaves):
i [Ar‘cTan[ﬂm—] —Ar‘cTan[ﬂLﬂ]
V2 V2

V2

Problem 38: Result unnecessarily involves higher level functions.

J 1+ x2 dx
(1—x2) V14 x4

Optimal (type 3, 23 leaves, 2 steps):
ArcTanh [ @]

1ex*

V2
Result (type 4, 36 leaves):

(-1)*'* [El1lipticF[1 Arcsinh[ (-1)**x], -1] - 2EllipticPi[i, Arcsin[(-1)*“x], 1]

Problem 39: Result unnecessarily involves higher level functions.

J 1-x2 dx
(1x2) VIs ke

Optimal (type 3, 23 leaves, 2 steps):
Ar‘cTan{@]

1+x4

V2
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Result (type 4, 40 leaves):

(-1)*'* (EllipticF[: Arcsinh[(-1)**x], -1] - 2E1lipticPi[-i, i ArcSinh[(-1)*x], -1])

Problem 41: Result more than twice size of optimal antiderivative.

JLog[Sin[x]] AV1+Sin[x] dx

Optimal (type 3, 42 leaves, 6 steps):

Cos [X] 4 Cos [X] 2 Cos[x] Log[Sin[x]]
—4Ar‘cTanh[ + -
A1 +Sin[x] 1 +Sin[x] A1 +5Sin[x]
Result (type 3, 87 leaves):
1

Cos[f] +Sin[ﬂ

2

—Log[1+Cos[§] —Sin[gH +Log[1—Cos[§} +Sin[§H —Cos[g] (-2 +Log[Sin[x]]) + (-2+Log[Sin[x]]) Sin[i}) v1+Sin[x]

Problem 44: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.
J Sin[x] dx
1-Sin[x]®
Optimal (type 3, 39leaves, 4 steps):
\/3 Cos[x] (1+5in[x]2?) ]

2+/1-Sin[x]®
2+/3

Result (type 4, 5825 leaves):

ArcTanh |

-] (-2)>* (3j+ (1+2d) V2 3Y4+ (1+21) ﬁﬂiﬁf”)

EllipticF[ArcSin[— <1+j> ((2+\/?31/4> (2+\/?) + (2711\531/4) Tan[ﬁz)

2 2i+2 (-3)Y*4 /3 +iTan[*]?

],8-4+/3]-2 34 (\E+3l/4) EllipticPi|
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6 (-3)Y4-2(-3)"*+a+3 arcsin|
, ArcSin| —

34342 3Y44 (2-1) /3 +/2 3%/ 2

|, 8-4+/3]

2

J 10) ([ 3 (23] a1 2 e v

2i+2(-3)Y*+ V3 +iTan[X]

2i-2(-3)"*+ /3 +iTan[*]?
Sin[x] 2
(711\E+31/4) (2]’1+2(—3)1/4+\/?+11Tan[ﬂ2)

(2—2 <_1>3/431/4—i\/?+Tan[§]2)2

(e [ fane B i ey |
(2j+2(-3)”4+ 3 +1Tan[§]2)2

2

[\/731/4((3+61)\E+(6+61) 3144 (2+21) 3%%+ (3421) \E) 1-Sin[x]® (1+Tan[5]2J2

1+8Tan[5]2+30Tan[i}4+8Tan[5]6+Tan[5]8
2 2 2 2 S (-1)2h V2 (31’1+ (1+2i) V2 3144 (1+21) ﬁ+i\/?33/4) EllipticF|

(1+Tan[§]2)4

Apcsin[l\l (1+1) ((2+\/731/4) (2+\E) + (2—1’1\531/4) Tan[f] ) [,8-4+3] 2 3 (\E+31/4) EllipticPi|

2 2i+2 (-3)Y*4/3 +iTan[*]?

.8 4v3]

6 (-3)"%-2(-3)**+ay/3 rres [1 (1+i) ([2+V2 374) (243 ) + (2-1 2 3V/4) Tan[*]?]
3+3ﬁ31/4+(2fj)ﬁ+ﬁ33/4’ 2 2i+2 (-3)Y*+/3 +iTan[*]?

(2-2 (-1)3/431/4—1\/?+Tan[5}2J
2 2 2

X 52 X Zi—Z(—3>1/4+ﬁ+iTan{5}2
Sec| =] Tan[ =] 2
(-iV2 +3Y4) (2042 (-3)Y*+ V3 i Tan[2]?)

\l (iﬁ+31/4> (_J'Hz (—211+\/?) Tan[ﬁ]z—iTa”[ﬂ“)

(242 (—3)1/4+\/?+11Tan[ﬂ2)2

J/ [31/4 ((3+61) V2 4 (6+61)3V4 4 (2421d) 3344 (3+21) ﬁ)



Mathematica 11.3 Integration Test Results for Charlwood Problems.nb | 29

2

X]ZJZJ 1+8Tan[§}2+30Tan[§}4+8Tan[§}6+Tan[§}8 ]]

(1+Tan[7 (1+Tan[§]2)4

2

[(1)3/4\/? [(31+ (1+24) /2 3Y%4+ (1+21) \/?Hi\/?a“) EllipticF[ArcSin[1

],8-4+/3]-2 34 (\/7+31/4) EllipticPi|

2142 (-3)1/4+ﬁ+ﬂan[§]2

\l (1+) [(2+V2 394) (2443 )+ (2-iV2 3V/4) Tan[X]]

6 (-3)Y4-2(-3)%*+4+/3 Ar‘cSin[l (1+1) ((2+ﬁ31/4) (2+\/?) . (2-1\/731/4) Tan[f}z)
3+3\/731/4+(27]1)\/?+\/733/4’ 2 2i+2 (-3)Y* /3 +iTan[%]?

X
2

LSW?]]

Sec[i]zTan[i]

(2-2 (-1)3/431/4-1\/?+Tan[5]2)2
2 2

2

2 2[5 S il
(,jﬁ+31/4) (21’1+2 <73>1/4+\/?+]1Tan[§}2)

J (V2 +3Y4) (-i+2(-2i+V3 ) Tan[%]* ~iTan[%]*) J/

(2542 (3] /5 +iTan[ 1))

2+30Tan[ ]4+8Tan[ ]6+Tan[§]8
N _
2

X213 | 1+8Tan[X] x X
34 ((3460) V2 + (646i) 3744 (2421) 3744 (3+21) V6 | (1+Tan[—}) 2 2 2

2 (1+Tan[ }2)4

[(1)3/4 [(3“ (1+2i) V2 3V44 (1+21) \/?H'L\Es“)

EllipticF [Ar‘cSin [ -

],8-4/3]-2 3v4 (ﬁ+3l/4) EllipticPi|
2

2

J o) ([ 3 (23] a1 2 2 w2

2i+2(-3)Y*+ V3 +iTan[X]
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6(-3)Y4-2(-3)%*+4+/3 1| (1ed) (242314 (2443 )+ (2072 3V4) Tan[X]?)
,Ar‘cSin[f \/_ [ }2
2i+2 (-3)Y*+/3 +iTan[*

,8-44/3
34342 344 (2-1) /3 +/2 334 2 ] ]]

(2_2 (—1)3/431/4—1'1 3 +Ta“[x}2J2\I (iﬁ+31/4) (_jl+2 (—Zj_+\/?> Tan[ﬂz—iTan[ﬂ‘l)

2 (2]‘1+2<73)1/4+\/?+1'1Tan[§}2)2
7jSec[§]2Tan[ﬂ (21’1—2 (—3)1/4+\/?+11Tan[ﬂ2) ) jSec[ﬂzTan[i] /
(—nﬁ+31/4) (2]1+2 (-3)¥4 43 +11Tan[§]2)2 (—11\/7+31/4) (zmz (-3)1/4+\/?+]1Tan[§]2)

2i-2 (—3)1/4+\/?+11Tan[§}2

(—i\/7+31/4) (21’1+2 (-3)1/4+ﬁ+ﬂan[§}2)

247 34 ((3464) V2 4 (6261] 4 [2021) 344 (3221 W)J

X]Z)ZJ 1+8Tan[§]2+30Tan[§}“+8Tan[§}6+Tan[§}
2

(1+Tan[_ (1+Tan[§]2)4

] [(1)3/4 {(3“ (1+21) V2 3Y4+ (1+21) ﬁﬂxﬁ?/“)

(1+1) ((2+\/?31/4) (2+\/?) + (2_]1\/731/4) Tan[f]z)

2i+2 (—3)1/4+\/?+1Tan[§]2

EllipticF[Ar‘cSin[1J |, 8-4+3]-2 3V (2 +37%) EllipticPi]
2

|,8-4+/3]
34342 3Y4+ (2-1) V3 +/2 34 2 2i+2 (-3)Y*++/3 +iTan[X]?

X
2

o2 (32477 [J i) ([ 1o 3] - o7 el

[272 <*1>3/431/4*1'l\/?+Tan[§]2)2

2i-2(-3)"*++/3 +iTan[X]’
(—Ji\/?+31/4) (zmz (-3)1/4+\/?+J1Tan[§]2)

+

[ (]‘Lﬁ+31/4) (2 (Qiuﬁ) Sec[i]zTan[f} —ZjSec[ﬂzTan[ir)
(2j+2 (—3)1/4+\E+1Tan[§]2)2
21 (1’1\5+31/4) Sec[i]ZTan[i] (7]1+2 (72]1+\E) Tan[i]zijan[ﬂ“)

(2i+2 (—3)1/4+\E+1Tan[§]2)3

|
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2+/2 34 ((3+6J’1) V2 4 (6+61) 34 (2421) 3744 (3+21) \/?) (1+Tan[§}2)2

2

2402 (-3)"* V3 i Tan[2]?)’ (1 Tan[ 2]

\I (i\/?+31/4) (—i+2(—2i+\/?) Tan[ﬂz—iTan[ﬂ“) \I1+8Tan[’2(}2+30Tan[:]4+8Tan[:}6+Tan[:}8]

2

[(1)3/4 [(3“ (1+21) /2 3Y%+ (1+21) ﬁﬂiﬁ?/“) EllipticF[ArcSin[1

\l <1+j> ((2+\/731/4) (2+\/?) i (271\531/4) Tan[ﬂz) }’ 374\/?] -2 34 (\E+31/4) Ellip‘ticPi[

2i+2 (-3)1/4+\/?+11Tan[§]2

JE NI It [J o) ([ 2] (e - -3 V2 2 nl 2]

843
3+3+/2 344 (2-1) V3 ++/2 334 2 2i+2 (-3)"*+/3 +iTan[*]?

2i-2(-3)"* /3 +1Tan[§]2

(-iV2 +31%) (2342 (-3)Y*+ /3 4 iTan[X]?]

[2_2 <_1>3/431/4—1\E+Tan[§]2)2

(Ji\/7+31/4) (—]i+2 (-2j+\/?) Tan[ﬂz—jTan[ﬂ“)

7 (21+2<_3>1/4+\/?+11Tan[§}2)2

SSeC[ﬂZTan[i] +605ec[ﬂ2Tan[§]3+24Sec[§]2Tan[ﬂ5+4Sec[§}2Tan[ﬂ7

(1+Tan{ﬂ2)4

X X X X
2 2 2 2

2+/2 34

/

asec[*]*Tan[*] (1+8Tan[*]*+30Tan[*]"+8Tan[*]*+ Tan| ]8)]

(1+Tan[§}2)5

X X X
2 2 2

(1+Tan[§]2)4

((3+6%) V2 +(6461) 3744 (2421) 3744 (3+21) V6 | [1+Tan{§]2)2

18 Tan[3]" <30 Tan[ 2] 8 Tan| }H]]
2
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2

2i-2(-3)"*+/3 +iTan[X]? X2
(-1)%* 2 (2—2(—1)3/431/4—1\E+Tan[7}
(-iv2

+3V4) (2042 (-3)"*+ V3 + i Tan[X]?) 2

(Zi+2 (_3)1/4+\/?+11Tan[ﬂ2>2

J (1v2 +3t4) (-1+2(-23+V5) Tan[5]*- 1 Tan[5]%) [[(31+(1+21)\531/4+(1+21)\5+1ﬁ33/4)

(104) 252 344 sec[3] Tan 3] (4] sec[3)*Ten[3] [2+32 3] [2-¥3 )« [2-5 V2 3¢) Tan[ 1)) /
21+2(_3>1/4+ﬁ+“an[§]2 (szz(-3)1/4+ﬁ+ﬂan[§}2)2

4\] (1+1) ((2*\531/4) (2+\E) +(2—i\531/4) Tan[i]z)

2i+2 (-3)Y*4 /3 +iTan[X]?

L (2 ) a7l

2i+2 (-3)Y*4/3 +iTan[*]?

(Fo2) (8-4V3) [[(2+V2 394) (2443 )+ (2-i V2 3V/4) Tan[X]7]

14
2i+2 (-3)Y*4/3 +iTan[*]?

] P

(143) (2212 3% sec[5] man[3] (33 sec[2]"Tan[2] (24234 (2473 ) + (226 V2 34) Tan 2 ]7) /
24 +2 (-3)Y4 /3 i Tan| ]2 (szz(73)1/4+ﬁ+iTa”[ﬂ2)2

X
2

2i+2 (-3)Y*4/3 +iTan[*]?

H e (el o) = e vl

(2+2) ([(2+vV2 3¥%) (243 ) + (202 3¥4) Tan[X]?)

4 a
2i+2 (-3)"*++/3 +iTan[X]’

1-

(1+2) (8-4V3 ) [(2+V2 394) (2443 ) + (2-i V2 3V4) Tan[*]7]

a
2i+2 (-3)"*++/3 +iTan[X]’

1-
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[17 [(1+£) 6 (-3)"*-2(-3)"*+a+/3 ((2+\E31/4) (2443 + [2-1+2 314 Tan[i]z)]/

4 4 2

((3+3\E31/4+ (2-1) ﬁ+ﬁ33/4) (21’L+2 (73)1/4+\/?+11Tan[§]2))) / V2 34

((3+63) V2 + (6+6i) 374+ (2+21) 3%+ (3+21) V6 (1+Tan[§]2)2 1+8Tan[3]" +30Tan[ 7] ~8Tan[7]"+ Tan| 7]

2 (1+Tan[§]2)4

Problem 47: Result unnecessarily involves imaginary or complex numbers.
JArcTan[x m] dx
Optimal (type 3, 120leaves, 12 steps):
x ArcTan[x /1 + 2 | +§Ar~cTan[\/—-2\/ﬁ] - %Ar‘cTan[\/?+2\/m} —41\/?Log[2+x2—\/?\/ﬁ] +i\/?Log[2+x2+\/?m]
Result (type 3, 116 leaves):

2

A/ 2 A/ 2
- —2+21’1\/? Ar‘cTan[u]— —2—21’1\/? Ar‘cTan[u]+2xAr‘cTan[x\/1+x2]
“1-1i4/3 A -1+1+/3
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Summary of Integration Test Results

50 integration problems

A - 34 optimal antiderivatives

B - 4 more than twice size of optimal antiderivatives
C - 12 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



